Abstract A deep-space exploration mission with low-thrust propulsion to rendezvous with multiple asteroids is investigated. Indirect methods, based on the optimal control theory, are implemented to optimize the fuel consumption. The application of indirect methods for optimizing low-thrust trajectories between two asteroids is briefly given. An effective method is proposed to provide initial guesses for transfers between close near-circular near-coplanar orbits. The conditions for optimality of a multi-asteroid rendezvous mission are determined. The intuitive method of splitting the trajectories into several legs that are solved sequentially is applied first. Then the results are patched together by a scaling method to provide a tentative guess for optimizing the whole trajectory. Numerical examples of optimizing three probe exploration sequences that contain a dozen asteroids each demonstrate the validity and efficiency of these methods.
Introduction
Small bodies in the solar system, especially asteroids, have attracted the attention of both space agencies and scientists for several decades. Innovative applications such as deflecting the Earth-crossing asteroids with new propulsion systems such as low-thrust propulsion or solar sail have been widely studied in literature (Casalino and Simeoni 2012; McKay et al. 2011; Zeng et al. 2011 Zeng et al. , 2014 Wu et al. 2014; Gong and Li 2015; McInnes 2002) . Low-thrust propulsion is especially ideal for deep-space missions because of its Fanghua Jiang Gao Tang School of Aerospace Engineering, Tsinghua University high specific impulse. Its successful application in deepspace missions such as DAWN (Rayman et al. 2007 ) has demonstrated its capability to increase the payload. Fueloptimal low-thrust trajectories optimization problems are much more difficult to solve because the low thrust leads to a long firing of the engine. Interplanetary missions designed to explore multiple targets promote the scientific return and decrease the average expense but also lead to greater challenges in optimizing low-thrust trajectories. In this paper, we develop a systematic approach which is used to find the fuel-optimal trajectories of a multi-asteroid rendezvous mission.
Indirect methods for optimizing low-thrust trajectories can take advantage of the calculus of variation and thus convert the optimal control problem into a multi-point boundary value problem (MPBVP) (Bryson and Ho 1975) . Indirect methods are favored for their efficiency and optimality if proper initial guesses are given. The homotopic approach (Bertrand and Epenoy 2002; Jiang et al. 2012) , normalization of initial adjoint variables (Jiang et al. 2012) , and the switching detection methods (Tang and Jiang 2016) are widely applied to overcome the difficulty arising from the bang-bang control.
In the problem under discussion, transfers preferably take place between close near-circular and near-coplanar orbits, so reasonable simplifications are applied and the closed-form energy optimal transfer is solved analytically to guess the initial adjoint variables. Compared with random guesses, providing initial guesses using this method is more reliable and effective. The simplifications are based on ; Gatto and Casalino (2015) . Similar methods have also been used to provide an initial guess for indirect methods (Li and Xi 2012) .
The whole trajectories of a multi-asteroid rendezvous mission should be optimized in order not to lose optimality. Although the optimization of a low-thrust trajectory from one asteroid to the next within a fixed time is relatively easy, the increment of the asteroid number and setting the ren-dezvous moments free significantly increase the difficulty. The intuitive method is to split the mission into multiple legs each of which drops into the transfer from one asteroid to another, denoted as the single-leg transfer. These legs are then solved sequentially. Yang et al. (2015) ; Jiang et al. (2014); Casalino et al. (2014) proposed several methods for optimizing similar missions with multiple targets, but none of the missions is optimized in whole so the optimality loses. Our contribution is to develop a systematic method for optimizing the whole trajectory in order not to lose optimality. The difficulty arising from the large number of variables is overcome by the adjoint scaling technique which provides a tentative guess that is likely to converge because it satisfies most of the boundary conditions. This paper is organized as follows: in Section 2, the indirect methods for optimizing single-leg transfers are introduced. The method for guessing initial adjoint variables is described. In Section 3, the necessary conditions for optimality when the whole mission is optimized are derived. The adjoint scaling technique is proposed to provide an initial guess. In Section 4, numerical examples from the 7th Global Trajectory Optimization Competition (GTOC7) are presented to verify the validity of these methods. The lowthrust trajectories of three probes which must rendezvous with more than 10 asteroids each are optimized. The results show that our methods can save a considerable amount of fuel. Finally the conclusion is given in Section 5.
Fuel-Optimal Single-Leg Transfer
A single-leg transfer denotes a transfer when the spacecraft rendezvous with one asteroid to its rendezvous with another asteroid. In this case, MPBVP degenerates into two-point boundary value problem (TPBVP). Instead of the position and velocity of the spacecraft, equinoctial elements (EE), denoted as x which is composed of (p, e x , e y , h x , h y , L), are used to describe the motion of the spacecraft (Walker et al. 1985) . The dynamical equations are given by
where u is the thrust ratio within the interval [0, 1]; T is the maximal thrust; m is the mass of the spacecraft; the unit vector α denotes the thrust direction; c = I sp g 0 where I sp is the specific impulse and g 0 is the gravitational acceleration at sea-level; the details of f 0 and M can be found in Gao and Kluever (2004) . Such a choice actually contributes to the robustness and efficiency of our algorithm. The performance index is
where t 0 and t f denote the initial and final moments, respectively. The physical meaning of J is the fuel consumption. It should be noted that minimizing J is equivalent to minimizing −m(t f ).
The application of indirect methods to solve the singleleg transfer can be found in Casalino et al. (2007) ; Bertrand and Epenoy (2002) . We refer to Jiang et al. (2012) ; Bertrand and Epenoy (2002) for the details of homotopic approaches. Jiang et al. (2012) proposed the normalization of initial adjoint variables which is used to help provide initial guesses. The switching detection method (Tang and Jiang 2016) is effective in solving the bang-bang control as long as the homotopic approach provides a good initial guess. The combination of these three techniques yields an efficient method for solving fuel-optimal low-thrust trajectories. However, the lack of physical meanings for the adjoint variables still leads to a difficulty in providing initial guesses. In most cases, we can only guess them randomly so a multiple start technique has to be applied, which significantly reduces the efficiency.
Guessing Initial Adjoint Variables
In the problem under investigation most transfers, at least the preferable ones, are between close, near-circular and near-coplanar orbits. Casalino (2014) investigated timeoptimal transfers between close low-eccentricity orbits with little change of inclination, which inspired the method proposed here. Some reasonable simplifications are applied based on the fact that e x , e y , h x , h y are small and the change of p is also small. By simplifying e x , e y , h x , h y to be 0 and introducing a constant p ′ which is chosen to be the average of the initial and target orbit, the dynamical equations are simplified aṡ
where the vector fields f ′ 0 and M ′ are defined as
After the simplification of the dynamical equations, it is obvious from equation (4) thatL is constant during the transfer, which eliminates the possibility of simultaneously satisfying both the change of t and L. However, this is still acceptable if we only want to generate an initial guess. Another reason is that transfers with an improper selection of transfer time and phases are mostly eliminated in the preliminary design. The change of mass is neglected, otherwise λ m should be considered, and it would be difficult to obtain a closed-form solution. This simplification is reasonable because the high efficiency of low-thrust propulsion leads to a small amount of fuel consumption. Another simplification is to assume that u is boundless and to seek the energy optimal transfer, otherwise the bang-bang control has to be taken into consideration, for which it is difficult to obtain a closed-form solution. The Hamiltonian is built as
where u = uα. Because H does not depend on p, e x , e y , h x , h y (note that p ′ in M ′ are chosen to be constant), adjoint variables λ p , λ ex , λ ey , λ hx , λ hy are actually adjoint constants. The adjoint variable λ L does change during the transfer, but it does not affect the optimal control because the 6th row of M ′ are all 0. As a result, the change in λ L is neglected.
The optimal control which minimizes H is
With the optimal u, the dynamical equation iṡ
Denote
It is obvious that the L appearing in N depends on time. With the simplification
where L 0 is the L when the transfer begins and ω = µ 0 /p ′3 , equation (7) is analytically integrable and the details are given in APPENDIX A. It is obvious that the changes of p, e x , e y , h x , h y are linear with respect to λ p , λ ex , λ ey , λ hx , λ hy . With a given orbital transfer problem, the changes of p, e x , e y , h x , h y are known and the corresponding adjoint variables are calculated by solving a system of linear equations.
The advantage of this method is obviously the high efficiency. However, neglecting the changes in L and m influences the accuracy of the obtained adjoint variables. To obtain the initial guess, λ L and λ m are guessed randomly in interval [−1, 1] and [0, 1], respectively. We apply the technique of normalizing the initial adjoint variables to increase the robustness of single-leg solving by introducing λ 0 (Jiang et al. 2012 ) and setting it to unity. A scaling is applied to λ x , λ m and λ 0 so they are on the surface of a high-dimensional sphere after the scaling. It is widely known that the change of phase during orbital transfer is fuel-consuming and even a small deviation from the proper phases might lead to a significant increase in fuel consumption. In other word, this method works well for the problems without the constraints of phase such as transfers between two orbits, meanwhile it may fail to deal with rendezvous problem. Through preliminary designs the transfers which take place between improper phases are somewhat eliminated so this method should always be the first choice. If this method fails to provide an initial guess which eventually leads to convergence, the method of randomly guessing with multiple starts should be applied.
Fuel-Optimal Multi-Asteroid Transfer
The positive multiplier λ 0 (Jiang et al. 2012 ) is removed from this section because the adjoint variables are not randomly guessed anymore. The initial adjoint variables λ x and λ m of every single-leg transfer have to be divided by the corresponding λ 0 to yield the same optimal control, which is equivalent to a scaling that sets λ 0 to unity. Denote A 0 , A 1 , ..., A n as the sequence of asteroids, t
f the moment to rendezvous with A i , i = 1, ..., n, and ∆t the minimum time to stay on the asteroids. It is supposed that t
+ ∆t for simplicity which indicates that the spacecraft stays for the minimum time at the asteroid. The superscripts + and − denote when the spacecraft arrives at and leaves the asteroid, respectively. As shown in Figure 1 , a mission containing n single-leg transfers should be optimized. In our case, t f are fixed while t
0 are optimized subject to the inequality constraints t
f , i = 1, ..., n − 1. However, these inequality constraints are not imposed but checked a posteriori. In fact, t
(1) 0 is set to match the phase when the spacecraft leaves the Earth, rendezvous with and stays at asteroid A 0 , and t (n) f is chosen according to the length of the mission. 
These constraints hold only for those n − 1 intermediate asteroids, i.e. A 1 to A n−1 . For A 0 and A n only equation (10) and (9) hold, respectively. To handle these constraints equations (9)- (12) are multiplied by the numerical adjoint mul-
, and χ mi , respectively; the transversality and static conditions at t
where only L of x Ai depends on time. Equations (13) and (14) suggest the discontinuity of λ x . After algebraic manipulations it is easily derived from equations (15) and (16) that
and the combination of equations (17) and (18) leads to
which indicates that λ m is continuous during the mission.
As with the single-leg transfer, the mass of the spacecraft at t
f has no constraint so
In summary, the variables to be solved are: t
0 ). The total number of variables to be solved is 7n. The constraints to be satisfied are: x(t
f ), i = 1, ..., n, which gives 6n equations; there are n − 1 static conditions in the form of equation (19) with i = 1, ..., n − 1 and λ m (t (n) f ) = 0. The MPBVP is built and then solved with shooting methods.
Adjoint Scaling Technique
The sensitivity of the shooting function, i.e. MPBVP, increases when the number of legs increases. The number of variables to be solved is linear with respect to the number of legs. A mission containing many legs is thus difficult to optimize because of the large number of variables to be solved. Randomly guessing with multiple starts is not efficient. To help guess the initial values of adjoint variables, the mission is split into several legs which are solved sequentially. Using the techniques applied to solve the single-leg transfer, every leg is solved efficiently. Denote as
0 )] the solution of leg i when the bang-bang control is solved and λ 0 is removed.
The sign of the switching function, denoted as ρ determines whether the thruster is on or off (Jiang et al. 2012) . It is defined as
where λ x and λ m are the adjoint variables. Because multiplying ρ and λ x by a positive scalar, denoted as k, at any instantaneous moment, denoted as t ′ , does not change the sign of ρ (thus the thrust magnitude) or the thrust direction, the optimal control at t ′ does not change. It can be inferred from the dynamical and adjoint differential equations (Gao and Kluever 2004) thatρ andλ x are also multiplied by k whileẋ andṁ do not change. As a result, the optimal control stays invariant for the whole trajectory. It is obvious that the change of λ m , denoted as ∆λ m in a single leg is also multiplied by k.
We might as well investigate two sequential legs whose initial adjoint variables for fuel-optimal transfer are Λ (i−1) and Λ (i) , respectively. It is obvious that λ
f ) = 0 cannot be satisfied. As a result, equation (20) is not satisfied. To fix this error, λ
) and ρ(t ) are multiplied by k, i.e.
to satisfy
where the superscript ′ means the adjoint variables after the scaling. The change of λ m of leg i − 1 is multiplied by k so λ m at the initial moment of leg i − 1, denoted as λ
After algebraic manipulations of equations (23)- (26) we obtain
Remark: The scaling factor k has to be positive which is equivalent to saying that λ
0 ) cannot exceed unity. The adjoint scaling is equivalent to resolving the single leg so the optimal control does not change while λ m (t f ) is set to a new positive scalar, denoted as λ ′ m . This is accomplished by choosing the performance index as
Because the fixed m(t 0 ) does not influence J ′ , the performance index is equal to (λ ′ m − 1)m(t f ). Taking into account that the original performance index is −m(t f ), the two problems yield the same optimal control as long as λ ′ m − 1 < 0, which is why λ A brief illustration is shown in Figure 2 . Before the scaling, the results of two fuel-optimal single-leg transfers cannot guarantee the continuity of λ m . After the transformation, the control stays invariant but λ m becomes continuous, which is required by the boundary conditions. Then the aforementioned method of scaling the initial adjoint variables is implemented to obtain an initial guess for solving the whole mission. The solution of the last leg does not have to be scaled, but the solutions of other legs have to be scaled backwards from leg n − 1 to leg 1. For the i-th leg, λ (i) is scaled according to λ
′ which has been scaled instead of the original one. This initial guess satisfies all the boundary conditions except for the static conditions and is more likely to converge than the random guess. However, it is possible that at the i-th leg, λ
) exceeds unity after the scaling. On the condition that k > 0 is satisfied for every leg, equation (26) indicates that λ
0 ) is always increasing when i is decreasing from n − 1 to 1. Although it rarely happens in our numerical examples, it is possible that λ ′ m exceeds unity and k becomes negative which contradicts the assumption so the optimal control cannot stay invariant.
However, there is a simple method to estimate whether such problem might happen or not. Equations (26) and (27) are combined to derive
There are four cases according to the value of λ 
) is smaller than unity, but might be negative. 2. 0 < λ
) is positive, larger than λ 
) is larger than unity.
As a result, if the original results satisfy λ m (t 0 ) < 1 for every leg, k is always positive. On the contrary, any leg whose λ m (t 0 ) exceeds unity will cause the problem. There are three methods to handle such a problem: 1) k is chosen to be the same as the former one to avoid possible problems; 2) the preliminary design is refined so such a problem might be avoided; and 3) the adjoint variables are guessed randomly for this leg. It is obvious that the first method is the easiest to use but might not lead to convergence. The second method is actually difficult to use and currently there is no method to estimate whether λ m (t 0 ) will exceed unity. The third method needs to be combined with multiple starts. A method for overcoming such a difficulty is the future work.
Numerical Examples
To validate the methods proposed in this paper, three multirendezvous sequences in a mission originated from GTOC7 1 are optimized where every probe rendezvous with dozens of asteroids. The topic of GTOC7 is the multi-spacecraft exploration of the main-belt asteroids and the three probes, initially carried by the mother ship, should visit different sequences of asteroids each. A brief introduction of the problem is given.
A mother ship launches from the Earth and releases three probes which must rendezvous with as many asteroids as possible and return to and rendezvous with the mother ship. We refer to the website for the details of the mother ship because the trajectory of the mother ship is not considered in this paper. Every probe has an electric propulsion system with a specific impulse of 3000 s and a maximum thrust level of 0.3 N. After being released, the probes must return to the mother ship within 6 years. The probe has to stay at every asteroid for at least 30 days. Besides the thrust propulsion, the probes suffer only the central gravitation of the Sun. The candidate asteroids move on Keplerian orbits. The primary performance index is to maximize the overall number of asteroids reached by the probes. The sum of probe masses when the mission ends is the secondary performance index.
The first step to solve the problem is to determine the asteroid sequences through the preliminary design. The authors' team from Tsinghua University proposed a tree search algorithm with trimming strategy to find the sequences. After obtaining the sequences the trajectory of every probe has to be optimized to improve the secondary performance index. Every probe starts from a rendezvous with the head of the sequence and finishes the mission when it reaches the tail of the sequence. During the competition our team employed the intuitive method of optimizing single-leg transfers sequentially. Our final result has a primary performance index of 32 and secondary performance index of 2457 kg. It should be noted that due to the carelessness in programming, one asteroid was visited twice. The final ranking 2 of the top five teams is listed in Table 1 where J and J ′ denote the primary and secondary performance index, respectively. It is apparent that the secondary performance index is essential to determine the final ranking. Our methods are designed for improving the secondary performance index.
All the computations are executed on a desktop personal computer with a CPU of 3.60 GHz. The programs are written in C++ and compiled with Microsoft Visual Studio Express 2013. All quantities concerning the length are nondimensionalized with the astronomical unit (AU, 1.49597870691 × 10 8 km); the time is so nondimensionalized that the angular velocity of a circular orbit whose radius is 1 AU is unity; the gravitational parameter of the Sun is nondimensionalized to unity; and the mass of the spacecraft is nondimensionalized with its initial mass.
We need four steps to obtain the fuel-optimal bang-bang control. First, multiple single-leg transfers are solved sequentially. The initial adjoint variables are guessed with the aforementioned method, and they can all lead to convergence. The problem that λ m > 1 occurs in none of these transfers. In this step the bang-bang control is not solved. Instead, the homotopic approach is still used, and the perturbation added to the performance index is in the form of a logarithmic barrier (Bertrand and Epenoy 2002 ) with a ε of 0.01. Second, these adjoint variables are scaled to provide an initial guess for the next step where the whole sequence is solved. Third, an approximate solution to the bang-bang control is obtained with the logarithmic barrier with a ε of 0.01. Finally, the approximate result is used as the initial guess to solve the bang-bang control directly.
The overall results of the three sequences are listed in Table 2. The subscript I and R denote the initial and refined results, respectively; and m f denotes the final mass of the probe when the mission is completed. The sum of the final mass improves about 5%, which improves the ranking by one. The improvements in the final masses demonstrate that these methods can be applied to obtain the fuel-optimal multi-asteroid trajectory. For all the sequences all the computations are finished in less than 2 seconds, which demonstrates the efficiency of these methods. The details of the three sequences are listed in Table 3 -5 in APPENDIX B. The classical orbital elements of every asteroid in every sequence are listed in APPENDIX C. In Table 3 -5 the first column is the name of the asteroid in the sequence. The second and third columns list the initial epoch and the corresponding mass when the probe encounters every asteroid, respectively. These results are obtained by the intuitive method. The fourth and fifth columns list the refined epoch and the corresponding mass, respectively.
As an example, the history of the thrust magnitude of probe 1 is shown in Figure 4 . The blue dashed curves denote the thrust when the homotopic approach is applied. The red and black curves denote the thrusting and coasting segments when the bang-bang control is solved, respectively. The blue solid lines at the bottom denote when the probe stays at the asteroid. When the homotopic approach is used, the thrust magnitude is continuous and is an approximate solution to the bang-bang control. The switching detection method demonstrates its ability in dealing with the bangbang control. Two types of thrust structure exist. The first type is composed of two thrusting segments separated by one coasting segment. The second type contains a single thrusting segment, which is easily trimmed in the preliminary design where Lambert problems are solved when approximating low-thrust trajectories by two-impulse trajectories. Through checking the value of λ m a posteriori we find that λ m never exceeds unity during the whole mission, which agrees with the previous check that λ m > 1 occurs in none of the single-leg transfers. We might as well propose a conjecture that in similar problems which are composed of multiple single-leg transfers, λ m never exceeds unity from the second leg. Although difficult to prove, this condition is necessary if the adjoint scaling technique can be used. We might as well list some interesting observations about the physical meaning of λ m , although a complete understanding deserves more investigation and it is the future work.
1. The variation of the performance index δJ has the term λ m (t 0 )δm(t 0 ) (Bryson and Ho 1975) . A positive λ m (t 0 ) suggests that the J is improved, i.e., the fuel consumption is reduced, if m(t 0 ) is reduced. This conclusion corresponds to the fact that larger acceleration is preferable to reduce fuel consumption (Tang and Jiang 2016). 2. The improvement of J is larger when λ m (t 0 ) is larger. 3. If the adjoint variable λ m (t 0 ) exceeds unity, the engine must be on at t 0 because equation (22) suggests the switching function is negative no matter what other parameters are.
The optimal trajectories of the three probes are shown in Figures 4-6 where red and black arcs denote thrusting and coasting segments, respectively. The discontinuity of the trajectory denotes when spacecraft stays on the asteroid. The method of optimizing the whole trajectory has significance. Not only can it be applied to increase the performance index in GTOC, it can also be used to evaluate the largest possible payload as well as the least fuel consumption for deep-space missions. Exploration of multiple mainbelt asteroids is practical, and thus this method can also be used in the preliminary design to estimate the largest payload. When designing the sequence of asteroids, the trim strategy can be less strict in order not to miss the possible global optima. As a result the possibility of finding the global optimal solution is higher.
Conclusion
The systematic method for optimizing low-thrust trajectories to rendezvous with a dozen main-belt asteroids is proposed. The whole trajectories are optimized after introducing dozens of inner-point constraints. Indirect methods are rarely applied to optimize such complex trajectories. The difficulty arising from the large number of variables is solved, i.e. the difficulty in providing an initial guess is overcome by the adjoint scaling technique, which is the main contribution of this paper. The adjoint scaling technique can help provide a tentative guess by solving multiple single-leg transfers, which are usually much easier to solve. The adjoint scaling technique connects the adjoint variables of multiple single-leg transfers with those of the multi-leg transfer.
The fact that this technique may fail if λ m exceeds unity provides a clue to the understanding of its physical meaning. Another contribution is that we propose a simple but efficient method for providing initial guesses for transfers between close low-eccentricity and low-inclination orbits. The initial guesses of some adjoint variables are obtained by analytically solving a simplified energy-optimal transfer. Compared with the random guess, such a guess is more probable and faster to converge and should always be the first choice. The improvement in the performance index and the short computation time in numerical examples demonstrate the robustness and efficiency of these methods. These methods can be easily extended to other problems which are also composed of multiple legs and every leg is relatively easy to solve. However, a better way for handling the cases where λ m exceeds unity and a more general method for providing initial guesses still deserve further investigation. 
Appendix
where P = p ′ and
Denote L t = L 0 + ωt, the indefinite integral of N 11 , N 22 with respect to time is
Appendix: B Appendix: C 
